This paper is devoted to the study of the class of continuous and bounded functions f : [0, ∞) → X for which exists ω > 0 such that lim t→∞ (f (t + ω) − f (t)) = 0 (in the sequel called S-asymptotically ω-periodic functions). We discuss qualitative properties and establish some relationships between this type of functions and the class of asymptotically ω-periodic functions. We also study the existence of S-asymptotically ω-periodic mild solutions of the first-order abstract Cauchy problem in Banach spaces.
Introduction
This paper is devoted to the study of the class of continuous functions f : [0, ∞) → X for which exists ω > 0 such that lim t→∞ (f (t + ω) − f (t)) = 0. These functions will be called S-asymptotically ω-periodic.
The literature concerning S-asymptotically ω-periodic functions is very restricted and limited essentially to the study of the existence of S-asymptotically ω-periodic solutions of ordinary differential equations described on finite dimensional spaces. We refer to [2, 4, 6, 15, 16] . In this paper, we make an initial contribution in order to develop a theory of S-asymptotically ω-periodic functions with values in Banach spaces. We have particular interest in the relationship between this type of functions with the classes of asymptotically periodic functions and asymptotically almost periodic functions, as well as to establish existence of S-asymptotically ω-periodic mild solutions of first-order abstract differential equations.
This work has four sections. In the next section, we introduce some basic concepts, definitions and notations needed in the sequel. In Section 3, we study some qualitative properties of S-asymptotically ω-periodic functions. In particular, we establish some relationship between this type of functions and the class of asymptotically ω-periodic functions. Finally, in Section 4, we study the existence of S-asymptotically ω-periodic mild solutions for a class of first-order abstract Cauchy problem. This section is completed with an application to partial differential equations.
Preliminaries
In this paper (X, We abbreviate by K the real or complex numbers. Moreover, we denote by B(X) the Banach algebra of bounded linear operators from X into X. We next recall some concepts concerning almost periodic functions.
Definition 2.1.
A function f ∈ C b (R, X) is called almost periodic if for every ε > 0 there exists a relatively dense subset of R, denoted by H(ε, f ), such that f (t + ξ) − f (t) < ε, for every t ∈ R and all ξ ∈ H(ε, f ).
Definition 2.2.
A function f ∈ C b ([0, ∞), X) is called asymptotically almost periodic if there exists an almost periodic function g and ϕ ∈ C 0 ([0, ∞), X) such that f = g + ϕ. If g is periodic (respectively ω-periodic) f is said asymptotically periodic (respectively asymptotically ω-periodic).
For additional details on almost periodic, asymptotically almost periodic and weakly asymptotically almost periodic functions, we refer the reader to [3, 11, 17] and references therein.
On S-asymptotically periodic functions
In this section, we study qualitative properties of S-asymptotically ω-periodic functions. We begin by establishing the terminology.
In this case, we say that ω is an asymptotic period of f and that f is S-asymptotically ω-periodic.
In this work the notation SAP ω (X) stands for the subspace of C b ([0, ∞), X) consisting of the S-asymptotically ω-periodic functions.
To abbreviate our developments, in the rest of this paper, for a fixed positive number ω and for every t 0, we consider the decomposition t = ξ(t) + τ (t)ω where ξ(t) ∈ [0, ω) and τ (t) ∈ N ∪ 0. Additionally, for h 0 and
is said ω-normal on compact sets if for every sequence of natural numbers (m n ) n∈N with m n → ∞ as n → ∞, there exists a subsequence (k n ) n∈N and F ∈ C b ([0, ∞), X) such that f k n ω → F as n → ∞ uniformly on compact subsets of [0, ∞). 
Proof. It is clear that F is continuous. For t 0 and ε > 0 given, we select n 0 ∈ N such that
for every n n 0 . Hence, for n n 0 , we have that 
In order to prove that f s j → G λ uniformly on compacts when j goes to infinity, we take a compact set K ⊆ R. For each ε > 0, we can choose j 0 ∈ N such that
for every j j 0 . Therefore, for t ∈ K and j j 0 , we can write 
Proof. Assume that the assertion is false. Then there exist ε > 0 and a sequence (t n ) n∈N with t n → ∞ as n → ∞ such that f (t n + ω) − f (t n ) ε for every n ∈ N. Defining m n = τ (t n ), we deduce the existence of a subsequence (s j ) j ∈N of (t n ) n∈N , of a number λ ∈ [0, ω] and, of a function F ∈ C ω ([0, ∞), X) such that ξ(s j ) → λ and f k j ω → F as j → ∞ uniformly on compact sets, where we have denoted k j = τ (s j ). Collecting these properties with the uniform continuity of f , we can select j 0 ∈ N such that
for every j j 0 . Hence, employing j > j 0 we obtain that
which is a contradiction since F is ω-periodic. This completes the proof. 2
We next discuss the relationship between the class of S-asymptotically ω-periodic functions and the class of asymptotically periodic functions. We initially exhibit a function that is S-asymptotically μ-periodic for every μ > 0 and is not asymptotically μ-periodic. Example 3.1. Let X be the space c 0 = {(x n ) ∈N : x n ∈ R and lim n→∞ x n = 0} endowed with the norm (x n ) n∈N = sup n∈N |x n | and, let f : [0, ∞) → X be the function defined by f (t) = (
The function f is bounded, uniformly continuous and S-asymptotically μ-periodic for every μ > 0. In fact, it is immediate that f (t) 1 for every t 0. Moreover, for t, s ∈ [0, ∞), we have that
4s, which shows that f is uniformly continuous. On the other hand, for μ > 0 and t 1, we get
However, f is not asymptotically μ-periodic. To show this assertion, assume that there exist g ∈ C μ (R, X) and n∈N , then each coordinate f n is asymptotically μ-periodic and f n (t + kμ) = g n (t) + ϕ n (t + kμ), for every k, n ∈ N and t > 0. In view of that lim k→∞ f n (t + kμ) = 0, it follows that g n (t) = 0 for every n ∈ N and every t 0. Consequently, the function g = 0 and f = ϕ, which is absurd since f (n) = 1 for every n ∈ N. This proves that f is not asymptotically μ-periodic.
In [6, Lemma 2.1] it is stated that every S-asymptotically ω-periodic scalar function is asymptotically ω-periodic. This assertion is not true, as the following example shows. Example 3.2. Let (b n ) n∈N 0 be a sequence of real numbers such that b n = 0 for every n ∈ N, b n → 0 as n → ∞, and the sequence (a n ) n∈N = ( n i=0 b i ) n∈N is bounded and non-convergent. Let f : [0, ∞) → R be the function defined by f (n) = a n for n ∈ N 0 and
for n t n + 1. Consequently, the graph of f consists of the segments of line with corners the points (n, a n ). It is clear from this geometrical description that f is bounded and continuous. Furthermore, f is uniformly continuous. In fact, we set c = max n 1 |a n − a n−1 |. Employing (3.1) for s ∈ [n, n + 1] and t ∈ [n, n + 2], we obtain that
On the other hand, turning to apply (3.1), we see that
However, f is not asymptotically 1-periodic function. To establish this assertion, we assume that f = g + α, where g is a function 1-periodic and α is a function that vanishes at infinite. In such case,
, as n → ∞, which contradicts our selection of the sequence (a n ) n .
In the sequel, we establish conditions under which an S-asymptotically ω-periodic function is asymptotically ω-periodic.
Proposition 3.3. Let f ∈ C b ([0, ∞), X) be an ω-normal on compact sets and S-asymptotically ω-periodic function. Assume that there exist a strictly increasing sequence of natural numbers (τ n ) n∈N and a sequence of positive numbers
Proof. Applying Definition 3.2 and Lemma 3.1, we assert that there exist a subsequence (m j ) j ∈N , with m j = τ n j , of (τ n ) n∈N and a function F ∈ C ω ([0, ∞), X) such that f m j ω → F as j → ∞ uniformly on compact sets. We affirm that F (t) − f (t) → 0 as t → ∞. To establish our claim, for each ε > 0, we choose n j 0 ∈ N such that 
. We abbreviate the notation by writing k(i) = τ n p +i . Moreover, we select 0 s < q such that t ∈ [τ n p +s ω, τ n p +s+1 ω] and, we decompose t = ξ(t) + η(t)ω with ξ(t) ∈ [0, ω) and η(t) is a natural number such that η(t) = τ n p +s + h(t) where 0 h(t) H (s). With these notations, we get
2ε for every t m j 0 ω. This completes the proof. 2 Proof. We can decompose f as f = g + ϕ where g is an almost periodic function and ϕ ∈ C 0 ([0, ∞), X). It follows from the theory of almost periodic functions that there exists a sequence of real numbers (t n ) n∈N such that t n → ∞ and g t n → g as n → ∞ uniformly on [0, ∞). Therefore, f t n → g as n → ∞ uniformly on [0, ∞) and, applying Lemma 3.1, it follows that g ∈ C ω ([0, ∞); X) which, in turn implies that the function f is asymptotically ω-periodic. The proof is complete. 2 Proof. For each x ∈ X , the function x , f verifies the conditions in Corollary 3.1. Therefore, there exits an ω-
For each t 0, we define the function Λ t : X → K by Λ t (x ) = g x (t). It follows from the uniqueness of the decomposition of x , f as the sum of a periodic function and a function that vanishes at infinity that Λ t is a linear functional. Moreover, from the estimate
and taking the limit as k → ∞, it follows that Λ t f ∞ for every t 0. Consequently, Λ t ∈ X and, there exists a function g : [0, ∞) → X such that Λ t (x ) = g x (t) = x , g(t) for every t 0 and x ∈ X . We define ϕ(t) = f (t) − g(t). It is immediate from this construction that g is ω-periodic and that w − lim t→∞ ϕ(t) = 0.
To complete the proof, we prove that g is continuous. For ε > 0 given, there exists δ > 0 such that f (t) − f (s) ε for every t, s ∈ [0, ∞) with |t − s| δ. Hence, for t 0, 0 < |h| < δ with t + h 0, x ∈ X and k ∈ N, we have that
ε since x is arbitrary. This completes the proof. 2
The following result is an immediate consequence of Theorem 3.1 and Corollary 3.1.
Example 3.3. Assume that X is a Hilbert space and that {e
is a uniformly continuous function such that for each k ∈ N, lim t→∞ e k , f (t + nω) − f (t) = 0 uniformly on n ∈ N, then there exist g ∈ C ω ([0, ∞), X) and ϕ ∈ C b ([0, ∞), X) such that f = g + ϕ and lim t→∞ e k , ϕ(t) = 0 for every k ∈ N.
We can also avoid the condition about the reflexivity of X.
Theorem 3.2. Let f ∈ C b ([0, ∞), X) be a function ω-normal on compact sets such that for each x ∈ X , lim t→∞ x , f (t + nω) − f (t) = 0 uniformly on n ∈ N, then f is asymptotically ω-periodic.
Proof. There exist a sequence (n j ) j ∈N in N and F ∈ C b ([0, ∞), X) such that f n j ω → F as j → ∞ uniformly on compact sets. For each x ∈ X , the function x , f is asymptotically ω-periodic and x , f n j ω → x , F as j → ∞ uniformly on compact sets. It follows from Lemma 3.1 that F ∈ C ω ([0, ∞), X). Moreover, proceeding as in the proof of Theorem 3.1, we can assert that there are functions g x ∈ C ω ([0, ∞), K) and ϕ x ∈ C 0 ([0, ∞), K) such that x , f (t) = g x (t) + ϕ x (t) for all t 0. Therefore, x , f (t + n j ω) = g x (t + n j ω) + ϕ x (t + n j ω) which implies that x , F (t) = g x (t) for every t 0. This shows that F is independent of the sequence (n j ) j ∈N and, as consequence, that f nω → F uniformly on compact sets.
Let ε > 0 and n 0 ∈ N such that f (s + jω) − F (s) ε, for every s ∈ [0, ω] and all j n 0 . If t n 0 ω, then τ (t) n 0 and
which establishes that F (s)−f (s) → 0 as s → ∞ and that f is asymptotically ω-periodic. The proof is complete. 2
We conclude this section with the following properties of SAP ω (X).
Proposition 3.5. SAP ω (X) is a Banach space.
Proof. Let (f n ) n be a sequence in SAP ω (X) that converges to f when n → ∞. The decomposition
Corollary 3.2. Let f : [0, ∞) → X be an S-asymptotically ω-periodic function and assume that f is bounded and uniformly continuous. Then f is S-asymptotically ω-periodic.

Proof. It is well known that our hypotheses imply that the functions
The assertion is now consequence of Proposition 3.5. 2
Existence of S-asymptotically ω-periodic solutions of a first-order abstract Cauchy problem
In this section, we study the existence of S-asymptotically ω-periodic mild solutions for the first-order abstract Cauchy problem
where A : D(A) ⊆ X → X is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators (T (t)) t 0 on X and G : [0, ∞) × X → X is a continuous function. The study of the existence of almost periodic, asymptotically almost periodic, pseudo almost periodic, almost automorphic and asymptotically almost automorphic solutions is one of the most attracting topics in the qualitative theory of differential equations due both to its mathematical interest as to their applications in physics, mathematical biology, control theory, among others.
Some recent contributions on the existence of these type of solutions for abstract differential equations and abstract functional differential equations have been made. Related with this subject, we refer the reader to the extensive bibliography in [5, [8] [9] [10] . Existence results concerning S-asymptotically ω-periodic solutions for ordinary differential equations described on finite dimensional spaces are established in [2, 4, 15, 16] . To the best of our knowledge, the study of the existence of S-asymptotically ω-periodic solutions of first-order abstract differential equations is an untreated topic in the literature and this fact is the main motivation of this section.
We begin this section by studying the homogeneous abstract Cauchy problem, i.e. we initially consider G ≡ 0. In this case, the question about the existence of S-asymptotically ω-periodic mild solutions of problem (4.1)-(4.2) is reduced to study the S-asymptotically ω-periodic semigroups. 
We recall that a strongly continuous semigroup (T (t)) t 0 is called strongly stable if T (t)x → 0 as t → ∞ for every
x ∈ X and, uniformly stable if T (t) → 0 as t → ∞. For additional literature on semigroups of linear operators, we refer the reader to [12] .
Theorem 4.1. Assume that (T (t)) t 0 is a strongly S-asymptotically periodic semigroup such that {T (t)x: 0 t < ∞}
is relatively compact, for all x ∈ X. Then there exist ω > 0 and a decomposition of X = X 0 ⊕ X 1 , where X i , i = 0, 1, is a closed subspace of X invariant under T (t), the semigroup T 0 (t) = T (t)| X 0 is ω-periodic and the semigroup T 1 (t) = T (t)| X 1 is strongly stable.
Proof. Since (T (t)) t 0 is uniformly bounded and the sets {T (t)x: 0 t < ∞}, x ∈ X, are relatively compact, it follows from [14, Theorem 3.1.2] that (T (t)) t 0 is asymptotically almost periodic semigroup. In addition, from [13, 14] there exists a decomposition of X = X 0 ⊕ X 1 , where X i , i = 0, 1, is a closed subspace of X invariant under T (t), the semigroup T 0 (t) = T (t)| X 0 is almost periodic and the semigroup T 1 (t) = T (t)| X 1 is strongly stable. Moreover, the function T (·)x is S-asymptotically ω x -periodic for some ω x > 0 and every x ∈ X. We deduce from Proposition 3.4 that there exist an ω x -periodic function f x and a function q x that vanishes at infinite such that T (t)x = f x (t) + q x (t), for all t 0. In particular, for x ∈ X 0 we have that the function T 0 (·)x − f x is almost periodic and vanishes at infinite. Consequently, T 0 (·)x = f x is ω x -periodic. Thus, T 0 is a strongly periodic semigroup. Applying now [1, Theorem 2.1], we can affirm that there is ω > 0 such that T 0 (t)x is ω-periodic, for all x ∈ X 0 . 2
We establish now our first result on existence of S-asymptotically ω-periodic mild solutions for the nonhomogeneous problem (4.1)-(4.2). As it is usual in the frame of the abstract Cauchy problem, we consider the following concept of mild solution.
Definition 4.2. A function u ∈ C b ([0, ∞), X) is said an S-asymptotically ω-periodic mild solution of problem (4.1)-(4.2) if u(·) is S-asymptotically ω-periodic and
u(t) = T (t)x 0 + t 0 T (t − s)G s, u(s) ds, t 0.
Theorem 4.2. Assume that (T (t)) t 0 is a strongly S-asymptotically ω-periodic semigroup. Let G : [0, ∞) × X → X be a continuous function such that G(·, 0) is integrable on [0, ∞) and there exists a continuous integrable function
for every t 0 and every x, y ∈ X. Then there exists a unique S-asymptotically ω-periodic mild solution of the problem (4.1)-(4.2).
Proof. We define the operator Γ on the space SAP ω (X) by
We will show initially that Γ u ∈ SAP ω (X). In fact, since the function T (t)x 0 ∈ SAP ω (X), it remains only to prove that the function v(·) ∈ SAP ω (X). In view of that the semigroup (T (t)) t 0 is uniformly bounded on [0, ∞), there exists a constant M 1 such that T (t) M, for all t 0. Moreover, it follows from the inequality
uniformly for t a. In addition, for fixed a, the set {G(s, u(s)): 0 s a} is compact, which implies that 
Furthermore, for u 1 , u 2 ∈ SAP ω (X) the inequality
On the other hand, we define the linear map B : 
L(s)α(s) ds, t a.
It follows from the Ascoli-Arzela Theorem that the set K ε = {w 1 (α): α ∞ 1} is relatively compact. Since Bα(t) = w 1 (α)(t) + w 2 (α)(t) for all t 0, we can affirm that
which shows that the set {B(α): α ∞ 1} is relatively compact and, in turn, that B is completely continuous. Moreover, since the point spectrum σ p (B) = {0}, the spectral radius of B is equal to zero.
. It is not difficult to verify that the maps Γ , B and m satisfy all the conditions of [7, Theorem 1] which implies that Γ has a unique fixed point u. This completes the proof. 2
To establish our next result, we begin by introducing some definitions. 
Then the function v(t) = G(t, u(t)) is S-asymptotically ω-periodic.
Proof. Since the range R(u) of u(·) is a bounded set, it follows that v is a bounded function. Moreover, for ε > 0 there exist δ > 0 and
which completes the proof. 2
In the rest of this section, M 1 and γ > 0 are constants such that T (t) Me −γ t for every t 0. To establish our next results on the existence of S-asymptotically ω-periodic mild solutions of problem (4.1)-(4.2), we introduce the following assumption. 
ε, for every t L ε . Under these conditions, for t L ε , we can estimate
which permit to infer that v(t + ω) − v(t) → 0 as t → ∞. This completes the proof that Γ u ∈ SAP ω (X). On the other hand, for u 1 , u 2 ∈ SAP ω (X) we have that
which proves that Γ is a contraction. Now, the assertion is consequence of the contraction mapping principle. The proof is complete. 2
To finish this section, we establish a result on existence of asymptotically ω-periodic solutions for the abstract system (4.1)-(4.2). (H G ) be holds. Assume that G(·, 0) is a bounded function and lim t→∞ (G(t, x) − G(t + nω, x)) = 0 uniformly for x ∈ K and n ∈ N, for every bounded subset K of X. If ML < γ , then there exists a unique asymptotically ω-periodic mild solution of problem (4.1)-(4.2).
Proposition 4.1. Let condition
Proof. We modify slightly the argument in the proof of Theorem 4.3. Let S(X) be the space consisting of functions u ∈ C b ([0, ∞), X) such that lim t→∞ (u(t + nω) − u(t)) = 0 uniformly for n ∈ N. It is easy to see that S(X) is a closed subspace of C b ([0, ∞), X).
Let u ∈ S(X). Proceeding as in the proof of Lemma 4.1, it follows from our assumptions that lim t→∞ G t + nω, u(t + nω) − G t, u(t) = 0 uniformly for n ∈ N.
We keep the notations introduced in the proof of Theorem 4.3. We consider the map Γ defined on S(X). Using the preceding property, we obtain that the estimate (4.5) holds with nω instead of ω. This implies that v ∈ S(X) and Γ is S(X)-valued. Therefore, the fixed point of Γ belongs to S(X) and the assertion is consequence of Corollary 3.1. The proof is complete. 2
An application to partial differential equations
To complete this work, we discuss briefly the existence of S-asymptotically ω-periodic mild solutions for the system It is well known that A is the infinitesimal generator of an analytic semigroup (T (t)) t 0 on X. Furthermore, A has discrete spectrum with eigenvalues −n 2 , n ∈ N, and corresponding normalized eigenfunctions given by z n (ξ ) = ( 2 π ) 1/2 sin(nξ ). In addition, {z n : n ∈ N} is an orthonormal basis of X and, for x ∈ X, T (t)x = ∞ n=1 e −n 2 t x, z n z n . It follows from this representation that T (t) e −t for every t 0. 
